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The usual Chern-Simons extension of Einstein gravity theory consists in adding a squared Riemann
contribution to the Hilbert Lagrangian, which means that a square-curvature term is added to the
linear-curvature leading term governing the dynamics of the gravitational field. However, in such a
way the Lagrangian consists of two terms with a different number of curvatures, and therefore not
homogeneous. To develop a homogeneous Chern-Simons correction to Einstein gravity we may, on
the one hand, use the above-mentioned square-curvature contribution as the correction for the most
general square-curvature Lagrangian, or on the other hand, find some linear-curvature correction to
the Hilbert Lagrangian. In the first case, we will present the most general square-curvature leading
term, which is in fact the already-known re-normalizable Stelle Lagrangian. In the second case, the
topological current has to be an axial-vector built only in terms of gravitational degrees of freedom
and with a unitary mass dimension, and we will display such an object. The comparison of the two
theories will eventually be commented.
I. INTRODUCTION
Einstein gravity is perhaps one of the best theories ever
to be built. Constructed starting from first principles of
the most general validity, it has passed all the experimen-
tal tests performed in astrophysics and cosmology.
As a matter of fact, if dark matter is indeed, as it seems
to be, some form of matter, and not a modification of the
gravitational field, then there is not a single observation
that Einsteinian gravitation would not fit. From a purely
theoretical perspective, Einstein gravity has always been
thought to be doomed by the necessity of singularity for-
mation, but this is not actually a problem either, as the
formation of singularity is no longer an unavoidable fea-
ture of Einstein gravity if it is complemented by torsion
and taken in presence of Dirac spinor matter fields [1, 2].
Just the same, one might wonder, again under a purely
theoretical point of view, what would happen if topologi-
cal contributions were to be included in this gravitational
theory. The earliest attempt to include a Chern-Simons
type of term into Einsteinian gravitation is that of [3] (for
a review see [4] and references therein), and it consists in
adding one specific squared Riemann contribution to the
Hilbert Lagrangian. The motivation for adding a term of
type RpqσνRacσνεpqac is in analogy with the F
pqF acεpqac
found in electrodynamics, but while this can mathemat-
ically be done, nevertheless one cannot help but notice a
certain lack of homogeneity. In fact, in electrodynamics
the leading term has the structure F acFac and therefore
gravity should have a leading term RpqσνRpqσν to obtain
a full analogy. Such a square-curvature term, or a closely
related one, is already studied by Stelle in [5, 6]. However
the complementary way is to add Rpqacεpqac to the term
R that constitutes the standard Hilbert Lagrangian. The
problem with this term is that it is zero, and therefore a
term that is a pseudo-scalar with 2 mass dimension must
be found in alternative. This amounts to ask that such a
topological correction be of the form ∇νK
ν with Kν an
axial-vector of unitary mass dimension. Or equivalently,
Kν must be an axial-vector built in terms of the connec-
tion. Although there seems to be no such a thing, recent
studies are useful in providing this topological current as
we are going to discuss in the present paper.
II. SPINOR FIELDS
As anticipated in the introduction, recent findings have
enabled us to obtain a topological currentKν constructed
in terms of the connection alone. This can be done when
Dirac spinorial matter fields are the space-time content.
The Clifford matrices γa are defined as {γa,γb}=2ηabI
where ηab is the Minkowskian matrix. So [γa,γb] = 4σab
defines the generators of the complex Lorentz algebra and
the relationship 2iσab=εabcdpiσ
cd defines pi (this matrix
is usually denoted as a gamma matrix with an index five,
but in space-time this index has no meaning, and so we
use a notation with no index). By exponentiating σab we
can compute the local complex Lorentz group S and the
spinor field ψ is defined as what transforms according to
ψ→Sψ in general. With the Clifford matrices we define
the adjoint spinor ψ=γ0ψ† again in general. The set
Σab=2ψσabpiψ (1)
Mab=2iψσabψ (2)
Sa=ψγapiψ (3)
Ua=ψγaψ (4)
Θ= iψpiψ (5)
Φ=ψψ (6)
defines bi-linear spinor quantities, they are all real and
such that UaU
a=−SaS
a= |Θ|2+|Φ|2 and UaS
a=0 hold.
These bi-linears can be used to perform the Lounesto
classification [7, 8]: singular spinors are those for which
Θ=Φ≡0 [9–12]; regular spinors are defined when either
Θ or Φ or both are not equal to zero identically. In this
paper, we will be interested in regular spinors, and that
is Dirac spinors, for which it is always possible to write
ψ=φe−
i
2
βpiS


1
0
1
0

 (7)
in chiral representation, for some complex Lorentz trans-
formation S, with β and φ called Yvon-Takabayashi angle
and module, and where the spinor is said to be in polar
form [13]. The bi-linear spinor quantities reduce to
Σab=2φ2(cosβu[asb]−sinβujskε
jkab) (8)
Mab=2φ2(cosβujskε
jkab+sinβu[asb]) (9)
showing that they can always be written with the vectors
Sa=2φ2sa (10)
Ua=2φ2ua (11)
and the scalars
Θ=2φ2 sinβ (12)
Φ=2φ2 cosβ (13)
such that uau
a=−sas
a=1 and uas
a=0 and which show
that Yvon-Takabayashi angle and module are the only 2
true degrees of freedom. The 8 real components of spinors
are rearranged into the special configuration in which the
2 real scalar degrees of freedom, YT angle and module,
become isolated from the 6 components that can always
be transferred away, the spin and the velocity. We notice
that the YT angle is a zero-dimension pseudo-scalar and
therefore the module inherits the full 3/2-dimension that
characterizes the spinor field. This is one most important
remark for the following of the paper, as we shall see.
As for the background, we have that using the metric
we define the symmetric connection Λσαν and with it we
define the spin connection Ωabpi=ξ
ν
b ξ
a
σ(Λ
σ
νpi−ξ
σ
i ∂piξ
i
ν) and
Ωµ =
1
2Ω
ab
µσab+iqAµI (14)
in terms of the gauge potential qAµ and called spinorial
connection. This is needed to write
∇µψ=∂µψ+Ωµψ (15)
as spinorial covariant derivative. Then the commutator
of spinorial covariant derivatives justifies the definitions
Rijµν=∂µΩ
i
jν−∂νΩ
i
jµ+Ω
i
kµΩ
k
jν−Ω
i
kνΩ
k
jµ (16)
Fµν=∂µAν−∂νAµ (17)
that is the Riemann curvature and the Maxwell strength.
When the polar form is taken into account, and con-
sidering that we can formally write the expansion
S∂µS
−1= i∂µαI+
1
2∂µθijσ
ij (18)
we can define
∂µα−qAµ≡Pµ (19)
∂µθij−Ωijµ≡Rijµ (20)
in which we used (14) and which can be demonstrated to
be tensors and invariant under the gauge transformation
simultaneously. With them we can eventually write
∇µψ=(−
i
2∇µβpi+∇µ lnφI−iPµI−
1
2Rijµσ
ij)ψ (21)
as spinorial covariant derivative so that
∇µsi=Rjiµs
j (22)
∇µui=Rjiµu
j (23)
are general geometric identities. Taking the commutator
qFµν=−(∇µPν−∇νPµ) (24)
Rijµν=−(∇µR
i
jν−∇νR
i
jµ+R
i
kµR
k
jν−R
i
kνR
k
jµ) (25)
in terms of the Riemann curvature and Maxwell strength,
so that they encode electrodynamic and gravitational in-
formation. As we have been saying above, in writing the
spinor field in its polar form, the spinor field is reconfig-
ured so that its degrees of freedom are isolated from the
components transferable into gauge and frames through
the α phase and the θij parameters in general. When the
phase and parameters are added to gauge potential and
spin connection, they do not alter their information, and
thus (19, 20) have the information content of the gauge
potential and the spin connection themselves, although
in the combination non-covariant features fully cancel, so
that (19, 20) are gauge invariant and Lorentz covariant,
and for this reason they have been called gauge-invariant
vector momentum and tensorial connection [14].
The Dirac spinor dynamics is given by the Lagrangian
L =−iψγµ∇µψ+mψψ (26)
giving the Dirac spinor field equations
iγµ∇µψ−mψ=0 (27)
as it is well known. Multiplying (27) by γa and γapi and
by ψ and splitting real and imaginary parts gives
i(ψ∇αψ−∇αψψ)−∇µM
µα−2mUα=0 (28)
∇αΦ−2(ψσµα∇
µψ−∇µψσµαψ)=0 (29)
∇νΘ−2i(ψσµνpi∇
µψ−∇µψσµνpiψ)+2mSν=0 (30)
(∇αψpiψ−ψpi∇αψ)−
1
2∇
µMρσερσµα=0 (31)
which are called Gordon decompositions and they have a
great importance in writing the Dirac spinor field equa-
tion in polar form while maintaining manifest covariance.
Plugging the polar form in (26) gives
L =−φ2[sµ(∇µβ+Bµ)+2u
µPµ−2m cosβ] (32)
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while in (29, 30) it gives after some manipulation that
Bµ−2P
ιu[ιsµ]+∇µβ+2sµm cosβ=0 (33)
Rµ−2P
ρuνsαεµρνα+2sµm sinβ+∇µ lnφ
2=0 (34)
with R aµa =Rµ and
1
2εµανιR
ανι =Bµ and which could
be proven to be equivalent to the Dirac field equations,
discussed thoroughly in [15]. The Dirac spinor field equa-
tions (27) consist of 8 real equations, which are as many
as the 2 vectorial equations given by the (33, 34) above
specifying all space-time derivatives of the two degrees of
freedom given by YT angle and module. It is also impor-
tant to notice that the YT angle, in its being the phase
difference between chiral projections, must be expected
to be present in the mass term, and it is, as easy to see.
As known, Maxwell and Riemann tensors encode elec-
trodynamic and gravitational information. As such, they
act as filters keeping out information of gauge and frames.
But the other hand, the gauge-invariant vector momen-
tum and tensorial connection (19, 20) contain the infor-
mation about electrodynamics and gravity but also addi-
tional information related to the gauge and the frames,
and this last type of information is not necessarily trivial
despite being described by covariant objects. To see what
is the information related to the gauge and the frames one
should consider the conditions given by
∇µPν−∇νPµ=0 (35)
∇µR
i
jν−∇νR
i
jµ+R
i
kµR
k
jν−R
i
kνR
k
jµ=0 (36)
and find solutions for Pµ and R
i
jν that are non-zero, as
this would mean that they are non-trivial and since they
are tensors then they will remain such for all gauges and
in all frames. However, they would contain no electrody-
namic or gravitational information. The first instance is
easy because (35) is solved for non-zero gauge-invariant
vector momenta of the type Pµ=∇µP in general. As for
the case of gravity things are more complicated because
there does not appear to be a general solution. A special
solution can however be found in spherical coordinates
gtt=1 (37)
grr=−1 (38)
gθθ=−r
2 (39)
gϕϕ=−r
2|sin θ|2 (40)
with connection
Λθθr=
1
r
(41)
Λrθθ=−r (42)
Λϕϕr=
1
r
(43)
Λrϕϕ=−r|sin θ|
2 (44)
Λϕϕθ=cot θ (45)
Λθϕϕ=− cos θ sin θ (46)
by specifying to the case
ut=coshα (47)
uϕ=r sin θ sinhα (48)
sr=cos γ (49)
sθ=r sin γ (50)
with α=α(r, θ) and γ=γ(r, θ) generic functions. Hence
relations (22,23) can be solved for Rijk giving
Rtϕϕ=Rϕtt=Rrθϕ=Rrθt=0 (51)
as well as
r sin θ∂θα=Rtϕθ (52)
r sin θ∂rα=Rtϕr (53)
−r(1+∂θγ)=Rrθθ (54)
r∂rγ=Rθrr (55)
linking the derivatives of the two above functions to four
of the components of the Rijk tensor and
rRrtϕ=Rtθϕ tan γ (56)
r sin θRtθϕ=(Rϕθϕ−r
2 cos θ sin θ) tanhα (57)
(Rϕθϕ−r
2 sin θ cos θ) tan γ=r(Rrϕϕ+r|sin θ|
2) (58)
(Rrϕϕ+r|sin θ|
2) tanhα=r sin θRrtϕ (59)
as well as
rRrtt=Rtθt tan γ (60)
r sin θRtθt=Rϕθt tanhα (61)
Rϕθt tan γ=rRrϕt (62)
Rrϕt tanhα=r sin θRrtt (63)
and
rRrtr=Rtθr tan γ (64)
r sin θRtθr=Rϕθr tanhα (65)
Rϕθr tan γ=rRrϕr (66)
Rrϕr tanhα=r sin θRrtr (67)
with
rRrtθ=Rtθθ tan γ (68)
r sin θRtθθ=Rϕθθ tanhα (69)
Rϕθθ tan γ=rRrϕθ (70)
Rrϕθ tanhα=r sin θRrtθ (71)
grouped in four independent blocks each with four inter-
linked relations. Thus a working hypothesis might be to
look for a solution in which we can set to zero some block
while leaving different from zero others, such as
Rtrr=Rtθr=Rϕrr=Rϕθr=0 (72)
Rrtθ=Rtθθ=Rrϕθ=Rϕθθ=0 (73)
Rtθϕ=Rtrϕ=0 (74)
with
Rrϕϕ=−r|sin θ|
2 (75)
Rθϕϕ=−r
2 cos θ sin θ (76)
3
and
Rrtt=−2ε sinhα sin γ (77)
Rϕrt=2εr sin θ coshα sin γ (78)
Rθtt=2εr sinhα cos γ (79)
Rϕθt=−2εr
2 sin θ coshα cos γ (80)
with ε being a generic constant, which can be interpreted
as an integration constant since it comes from having set
the Riemann curvature tensor to be zero identically [16].
Therefore, we have shown that it is indeed possible to
have zero Riemann and Maxwell tensors, thus no gravity
and electrodynamics, but still have non-vanishing covari-
ant objects that as such contain information related only
to frames and gauge, but that are non-trivial and cannot
be removed with choices of frames and gauge. That this
had to be the case is also clear from the fact that setting
gauge-invariant vector momenta or tensorial connections
to zero in general leads to unwanted consequences [17].
The tensorial connection is just the gravitational ana-
logue of what the gauge-invariant vector momentum is in
electrodynamics. However, the tensorial connection has a
much richer structure since it can be decomposed into the
vector trace Ra and the axial-vector dual Ba with a non-
completely antisymmetric irreducible part accounting for
the rest of the information on the degrees of freedom [18].
We notice that Ba is an axial-vector that contains the
same information of the connection and it also possesses
the same mass dimension of the connection itself.
III. RE-NORMALIZABLE CHERN-SIMONS
STELLE GRAVITY
In the introduction we have discussed that a first way
to have a homogeneous Chern-Simons correction to Ein-
stein gravity is to find the square-curvature leading term
to be added to the already-mentioned square-curvature
Chern-Simons type of gravitational topological current.
The most general square-curvature leading term is
L =XRαpiσνRαpiσν+Y R
σνRσν+ZR
2 (81)
where Rαpiσν is the Riemann tensor, Rpiν=R
α
piαν is the
Ricci tensor and R=Rαα is the Ricci scalar. Nonetheless,
the Gauss-Bonnet identity tells that the square-Riemann
term can always be written as a combination of the two
square-Ricci terms up to a divergence. So there is no loss
of generality in setting X to zero and considering
L =Y RσνRσν+ZR
2 (82)
as the square-curvature Lagrangian [5]. This Lagrangian
is re-normalizable [6]. We call it Stelle Lagrangian.
To this we have to add the term
L =KbRpqσνRacσνεpqac (83)
with b a general pseudo-scalar [3]. The square-curvature
term can be written as RpqσνRacσνεpqac=∇µK
µ as well
known, but now with the tools developed in the previous
section we can also see that the axial-vector is explicitly
given by Kµ=−4εµνσρ(Racν∇σR
c
aρ+
4
3R
c
aνR
a
vσR
v
cρ) in
terms of the tensorial connection alone. And because the
Yvon-Takabayashi angle is a pseudo-scalar of zero mass
dimension, we will consider b to be β so that
L =KβRpqσνRacσνεpqac (84)
is a square-curvature of 4 mass dimension, and the topo-
logical term has the same properties of the leading term.
The most general Lagrangian is given by
L =Y RσνRσν+ZR
2+KβRpqσνRacσνεpqac (85)
which is in fact homogeneous and re-normalizable, and it
is the Lagrangian of the gravitational sector. Then
L =Y RσνRσν+ZR
2+KβRpqσνRacσνεpqac −
−iψγµ∇µψ+mψψ (86)
or in polar form
L =Y RσνRσν+ZR
2+KβRpqσνRacσνεpqac −
−φ2[sµ(∇µβ+Bµ)+2u
µPµ−2m cosβ] (87)
is the Lagrangian of gravitational and material sectors.
The variation of this Lagrangian is performed by em-
ploying the usual method, although here the condition of
torsionlessness means that the variation of the connec-
tion is given in terms of the variation of the metric itself
with the result that the gravitational field equations are
Y∇2Rµν+
1
2 (4Z+Y )∇
2Rgµν−(2Z+Y )∇µ∇νR+
+2Y RµρνσR
ρσ− 12Y RαρR
αρgµν +
+2ZRRµν−
1
2ZR
2gµν +
+2K∇ρ(∇αβR piσρµ εανpiσ+∇
αβR piσρν εαµpiσ) =
= i8 (ψγν∇µψ−∇µψγνψ+ψγµ∇νψ−∇νψγµψ)(88)
while the variation with respect to the spinor field fur-
nishes the material field equations
iγµ∇µψ−
K
2 R
pqσνRacσνεpqacφ
−2eipiβipiψ−mψ=0 (89)
or respectively in polar form
Y∇2Rµν+
1
2 (4Z+Y )∇
2Rgµν−(2Z+Y )∇µ∇νR+
+2Y RµρνσR
ρσ− 12Y RαρR
αρgµν +
+2ZRRµν−
1
2ZR
2gµν +
+2K∇ρ(∇αβR piσρµ εανpiσ+∇
αβR piσρν εαµpiσ) =
= 12φ
2(uνPµ+uµPν+
1
2sν∇µβ+
1
2sµ∇νβ −
− 14R
ij
µενijks
k− 14R
ij
νεµijks
k) (90)
and
−2P ιu[ιsµ]+Bµ+∇µβ+2sµm cosβ=0 (91)
−2P ρuνsαεµρνα+Rµ−sµKR
pqσνRacσνεpqacφ
−2 +
+∇µ lnφ
2+2sµm sinβ=0 (92)
4
as the full set of gravity and matter field equations.
Taking the divergence of field equations (88) and using
the Jacobi-Bianchi cyclic identities gives the constraints
−K∇νβR
pqασRijασεijpq =
= i4∇
µ(ψγν∇µψ−∇µψγνψ+ψγµ∇νψ−∇νψγµψ)(93)
showing that the divergence of the symmetric energy den-
sity tensor is not zero. Nevertheless, computing it as
i
4∇
µ(ψγν∇µψ−∇µψγνψ+ψγµ∇νψ−∇νψγµψ) =
= i4 [ ψγν∇
2ψ−∇2ψγνψ +
+(∇µψγµ)∇νψ+ψγ
µ[∇µ,∇ν ]ψ +
+ψ∇ν(γ
µ
∇µψ)−∇ν(∇µψγ
µ)ψ −
−[∇µ,∇ν ]ψγ
µψ−∇νψ(γµ∇
µψ)] (94)
and repeatedly employing the Dirac equations gives
i
4 [ ψγν∇
2ψ−∇2ψγνψ +
+(∇µψγµ)∇νψ+ψγ
µ[∇µ,∇ν ]ψ +
+ψ∇ν(γ
µ
∇µψ)−∇ν(∇µψγ
µ)ψ −
−[∇µ,∇ν ]ψγ
µψ−∇νψ(γµ∇
µψ)] =
= K2 ψ∇ν(R
pqσαRacσαεpqacφ
−2eipiβipi)ψ (95)
which can eventually be easily turned into
K
2 ψ∇ν(R
pqσαRacσαεpqacφ
−2eipiβipi)ψ =
= −KRpqσαRacσαεpqac∇νβ (96)
as clear. Putting together the last three expressions gives
i
4∇
µ(ψγν∇µψ−∇µψγνψ+ψγµ∇νψ−∇νψγµψ) =
= −KRpqσαRacσαεpqac∇νβ (97)
to be compared against (93) above. In doing so, we finally
see that there is no constraint developed in the end.
This is important since in [3] the authors state that the
theory must be restricted to have RpqσνRacσνεpqac≡0 in
order for the divergencelessness of the symmetric energy
density tensor to hold. Such a restriction is not necessary
as the divergencelessness of the symmetric energy density
tensor does not need to be implemented in the first place
due to the fact that the βRpqσνRacσνεpqac is a potential
energy of interaction between matter and the space-time.
Lack of conservation of energy simply means that there
is an energy flux from/to matter, which does not have to
be zero so long as it is exactly compensated by the energy
flux to/from the space-time, and here we proved it is.
We will see however that this is not always true.
IV. LEAST-DERIVATIVE CHERN-SIMONS
HILBERT GRAVITY
In the introduction, we have discussed about the neces-
sity to have an object Ka being an axial-vector and built
in terms of the connection. And in the previous section,
we have seen that the axial-vector dual of the tensorial
connection has such features. As such Ba seems the per-
fect candidate for the topological current we are seeking.
To the least-order derivative the leading term is
L =R (98)
which is the least-order derivative Lagrangian. Obviously
this is the very well known usual Hilbert Lagrangian.
The least-order derivative topological term can now be
added straightforwardly as it has to be of the form
L =kb∇µB
µ (99)
with b generic pseudo-scalar. However, if we want to keep
homogeneity, and since the gravitational Lagrangian has
2 mass dimension, then also this term must have 2 mass
dimension, and the only way we have to do this is to take
b to be a pseudo-scalar of zero mass dimension, which can
only be the Yvon-Takabayashi angle, so that
L =kβ∇µB
µ (100)
is the only option for the least-order topological term.
Altogether we have
L =R+kβ∇µB
µ (101)
which is homogeneous and least-order derivative, as the
Lagrangian for gravity. Therefore we have that
L =R+kβ∇µB
µ−iψγµ∇µψ+mψψ (102)
or in polar form
L =R+kβ∇µB
µ−φ2[sµ(∇µβ+Bµ) +
+2uµPµ−2m cosβ] (103)
for the gravitational and the material sectors together.
The variation of this Lagrangian then gives
Rνσ− 12g
νσR+ k2 [−β∇µB
µgνσ +
+ 12∇µβ(ε
µσαηRναη+ε
µναηRσαη−2B
µgνσ)] =
= i8 (ψγ
ν
∇
σψ−∇σψγνψ+ψγσ∇νψ−∇νψγσψ)(104)
and
iγµ∇µψ−
k
2∇·Bφ
−2eipiβipiψ−mψ=0 (105)
or respectively in polar form
Rνσ− 12g
νσR+ k2 [−β∇µB
µgνσ +
+ 12∇µβ(ε
µσαηRναη+ε
µναηRσαη−2B
µgνσ)] =
= 12φ
2(uνP σ+uσP ν+ 12s
ν∇σβ+ 12s
σ∇νβ −
− 14R
σ
ij ε
νijksk−
1
4R
ν
ij ε
σijksk) (106)
and
−2P ιu[ιsµ]+Bµ+∇µβ+2sµm cosβ=0 (107)
−2P ρuνsαεµρνα+Rµ−sµk∇·Bφ
−2 +
+∇µ lnφ
2+2sµm sinβ=0 (108)
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as the full set of gravity and matter field equations.
Taking the divergence of field equations (104) and us-
ing the Jacobi-Bianchi cyclic identities yields that
k∇ν [−β∇µB
µgνσ +
+ 12∇µβ(ε
µσαηRναη+ε
µναηRσαη−2B
µgνσ)] =
= i4∇ν(ψγ
ν
∇
σψ−∇σψγνψ+ψγσ∇νψ−∇νψγσψ)(109)
showing that the divergence of the symmetric energy den-
sity tensor is not zero, similarly as before. However, now
by following the same strategy we would obtain that
i
4∇ν(ψγ
ν
∇
σψ−∇σψγνψ+ψγσ∇νψ−∇νψγσψ) =
= −k∇·B∇σβ (110)
to be compared against (109) above. In doing so, we get
∇µ∇νβε
µσαηRναη−2∇
µ∇σβBµ +
+∇µβε
µσαη∇νR
ν
αη+∇µβε
µναη∇νR
σ
αη −
−2∇µβ∇
σBµ−2β∇σ∇µBµ=0 (111)
with the restriction still holding. Because of the different
dependence on the differential structure of the YT angle,
there is no way to have this solved in general. Therefore,
in the present case we remain with a true restriction that
has to be imposed on the structure of the background.
The reason for this occurrence is that for determining
the conservation laws we have to use field equations which
for the tensorial connection Rijα do not exist [18]. In fact,
not only the Rijα have no dynamical equations coupling
them to sources, but they also have non-local properties
and in particular, they do not need to vanish at infinity.
The field equations (104) can now be studied to see the
effects on the background. Effects on the curvature have
to be expected, but now effects on the topological sector
should be expected as well. To screen the curvature, and
isolate the effects on topology, we should consider the flat
space-time, but endowed with some non-trivial tensorial
connection. Luckily, we already have it, as it is given by
the components above. In absence of electrodynamics Pµ
consists of a pure gauge, and the information encoded in
Pµ can always be written as Pµ=(m,~0) all throughout.
In this case field equations (106) reduce to
k[ 12∇µβ(ε
µσαηRναη+ε
µναηRσαη)−
−∇µ(βB
µ)gνσ]=φ2(uνP σ+uσP ν +
+ 12s
ν∇σβ+ 12s
σ∇νβ −
− 14R
σ
ij ε
νijksk−
1
4R
ν
ij ε
σijksk) (112)
while the Dirac field equations (107, 108) reduce to
−2P ιu[ιsµ]+Bµ+∇µβ+2sµm cosβ=0 (113)
−2P ρuνsαεµρνα+Rµ−sµk∇·Bφ
−2 +
+∇µ lnφ
2+2sµm sinβ=0 (114)
with the expression of the tensorial connection that has
to be plugged in. These field equations have to be studied
in specific situations, although finding an exact solution
is quite generally not an easy task to be accomplished.
To simplify the problem, we consider that, in order to
study the topological features at infinity, we are allowed
to take into account the macroscopic approximation.
In this case, all internal structures are negligible and
with them also the spin contributions. We can thus take
the momentum to be Pα=m cosβuα [18], so to write
k[ 12∇µβ(ε
µσαηRναη+ε
µναηRσαη)−
−∇µ(βB
µ)gνσ]≈2φ2m cosβuνuσ (115)
so that in the co-moving frame only the time-time com-
ponent would account for a coupling to the material dis-
tribution. This will be eventually given by
−∇µ(kβB
µ)≈2φ2m cosβ (116)
where on the right-hand side we have the mass density.
Integrating over the whole volume and considering the
normalization for the matter distribution we may write
∮
∂V
βBµdS
µ≈−m/k 6=0 (117)
where dSµ is the element of surface S=∂V constituting
the border of the volume V of integration. This condition
clearly shows that the vector βBµ can never go to zero.
Therefore, the tensorial connection, as well as the YT
angle, display some topological features at infinity.
V. FINAL COMPARISON
We have studied the re-normalizable Chern-Simons ex-
tension of Stelle gravity, described by the Lagrangian
L =Y RσνRσν+ZR
2+KβRpqσνRacσνεpqac (118)
and the least-order derivative Chern-Simons extension of
the Hilbert gravity, described by the Lagrangian
L =R+kβ∇µB
µ (119)
and it is now time for a comparison of the two.
In analogy with one another, the two corrections con-
sist of an interaction between the Yvon-Takabayashi an-
gle and the background, and therefore we should expect
an energy exchange between these two. So such an energy
exchange would entail the failure of the conservation law
for the energy density of matter allowing only the conser-
vation law for the energy density of the system of matter
and space-time taken together. Differently from the usual
procedure of constraining the structure of the space-time
in order to salvage the conservation of energy for matter,
here we have demonstrated that there is conservation of
the symmetric energy density for the full matter-gravity
system. And in the present paper we proved that this is
the case, for the re-normalizable Chern-Simons extension
of Stelle gravity. Nevertheless we also proved that this is
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not the case for the least-order derivative Chern-Simons
extension of the Hilbert gravity since we got (111) which
is not verified identically. This accounts for what we see
as the main difference between these two extensions.
We believe that the reason for this difference is to be
sought in the fact that in the re-normalizable instance the
higher-order derivative structure of the correction allows
it to be written entirely in terms of the curvature tensor
while in the least-order derivative instance the correction
is not written in terms of the curvature but in terms of
the tensorial connection. The difference between the cur-
vature and tensorial connection is that while the former
contains only information about gravity, the latter con-
tains information about both gravity and inertial contri-
butions. The first case is entirely physical, the correction
is fully dynamically determined and hence the energy of
the total system is conserved. The second case is physical
only in the gravitational information, so the correction is
dynamically determined only for gravitation and thus the
energy non-conservation of matter is compensated by the
energy non-conservation of gravity, but there the inertial
information is not physical, it does not have a field equa-
tion and it is only by having it constrained that the full
conservation of the energy density is ensured eventually.
The tensorial connection may contain information that
does not necessarily vanish at infinity while the gravita-
tional field has always to vanish at the boundary of the
space-time. This means that there is more information on
large scale structures of space-time in (119) than (118).
VI. COMBINATION
It is important to highlight that in what we have done
above, we kept the two theories separated for the clearest
comparison. Nonetheless, there is no other reason to keep
the two theories separated, and they can be joined into
L =Y RσνRσν+ZR
2+R+2Λ+
+β(KRpqσνRacσνεpqac+k∇µB
µ) (120)
where also the cosmological constant has been added, and
where the Yvon-Takabayashi angle has been factored out
the topological term. This Lagrangian would be the most
complete, although no longer least-order derivative, and
with the mass dimension needed for re-normalizability.
So a natural question would now be whether or not it
would actually be a re-normalizable action after all.
We hope that better physicists might answer to such a
question strengthening the validity of this theory.
VII. CONCLUSION
In this paper, we have discussed in what way it is pos-
sible to exploit the polar form of spinor fields, and hence
the tensorial connection, to construct the re-normalizable
higher-derivative CS extension of square-curvature Stelle
Lagrangian and the least-derivative CS extension of the
linear-curvature Hilbert Lagrangian. Then, we discussed
the analogies and the differences of the two theories.
By combining the two and allowing for the cosmolog-
ical constant would give the mass-dimension four topo-
logical gravitation in the most complete form.
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